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UNAVOIDABLE INDUCED SUBGRAPHS IN LARGE 
GRAPHS WITH NO HOMOGENEOUS SETS 


MARIA CHUDNOVSKY, RINGI KIM, SANG-IL OUM, AND PAUL SEYMOUR 

Abstract. A homogeneous set of an n-vertex graph is a set X 
of vertices (2 < \X\ < n — 1) such that every vertex not in X is 
either complete or anticomplete to A. A graph is called prime if it 
has no homogeneous set. A chain of length t is a sequence of t + 1 
vertices such that for every vertex in the sequence except the first 
one, its immediate predecessor is its unique neighbor or its unique 
non-neighbor among all of its predecessors. We prove that for all 
n, there exists N such that every prime graph with at least N 
vertices contains one of the following graphs or their complements 
as an induced subgraph: (1) the graph obtained from Ki^n by 
subdividing every edge once, (2) the line graph of (3) the 

line graph of the graph in (1), (4) the half-graph of height n, (5) 
a prime graph induced by a chain of length n, (6) two particular 
graphs obtained from the half-graph of height n by making one 
side a clique and adding one vertex. 


1. Introduction 

All graphs in this paper are simple and undirected. We wish to prove 
a theorem analogous to the following theorems. (For missing dehnitions 
in the following, please refer to the referenced papers.) 

Ramsey’s theorem: Every sufficiently large graph contains 
or Kn as an induced subgraph. 

folklore; see Diestel [H Proposition 9.4.1]: Every sufficiently 
large connected graph contains Kn, Ki^n, or a path of length 
n as an induced subgraph. 


Date: April 20, 2015; revised December 12, 2015. 

Key words and phrases, modular decomposition, induced subgraph, prime 
graph, Ramsey. 

M. G. is supported by NSF grant DMS-1265803. S. O. is supported by Basic 
Science Research Program through the National Research Foundation of Korea 
(NRF) funded by the Ministry of Science, IGT & Future Planning (2011-0011653). 
P. S. is supported by ONR grant N00014-10-1-0680 and NSF grant DMS-1265563. 

1 



2 MARIA CHUDNOVSKY, RINGI KIM, SANG-IL OUM, AND PAUL SEYMOUR 

folklore; see Diestel [H Proposition 9.4.2]: Every sufficiently 
large 2-connected graph contains Cn or a topological 

minor. 

Oporowski, Oxley, and Thomas [6]: Every sufficiently large 
connected graph contains the n-spoke wheel or ^ os o 
minor. 

Oporowski, Oxley, and Thomas [6]: Every sufficiently large 
internally 4-connected graph contains the 2n-spoke double 
wheel, the n-rung circular ladder, the n-rung Mobius ladder, 
or o,s a minor. 

Ding, Chen [2]: Every sufficiently large connected and 
anticonnected graph contains one of the following graphs or 
their complements as an induced subgraph: a path of length n, 
the graph obtained from Ki^n by subdividing an edge once, K 2 ,n 
minus one edge, or the graph obtained from K 2 ,n by adding an 
edge between two degree-n vertices Xi and X 2 and adding a 
pendant edge at each Xj. 

Kwon, Oum [3]: Every sufficiently large graph with no 
non-trivial split contains, as a vertex-minor, a cycle of 
length n or the line graph of K 2 ^n- 

These results state that every sufficiently large graph satisfying cer¬ 
tain connectivity requirements contains at least one of the given graphs. 
Furthermore, in all these theorems, the list is best possible in the sense 
that each given graph satishes the required connectivity, can grow its 
size arbitrary, and does not contain other given graphs in the list. 

In this paper, we focus on graphs with no homogeneous sets. A set X 
of vertices of a graph G is homogeneous if 2 < |X| < |C(G)| and every 
vertex outside of X is either adjacent to all vertices in X or adjacent 
to no vertex in A. In the literature, homogeneous sets are also called 
non-trivial modules, partitive sets, autonomous sets, and various other 
terms |5]. A graph is called prime if it has no homogeneous set. 

Homogeneous sets are widely used as a tool to study classes of graphs 
with respect to the induced subgraph relation. If a graph G is obtained 
from some non-trivial graph by substituting a non-trivial graph for a 
vertex, then G has a homogeneous set and so G is not prime. (A graph 
is non-trivial if it has at least two vertices.) Thus, if a certain class C 
of graphs is closed under substitution and a graph H is not in C but 
all proper induced subgraphs of H are in C, then El is prime. Many 
important graph classes are closed under substitution. For instance, 
Lovasz [1] proved that perfect graphs are closed under substitution 
and therefore all minimally imperfect graphs are prime. 
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We are interested in unavoidable induced subgraphs of prime graphs. 
Sumner mi showed the following easy theorem. 

Theorem 1.1 (Sumner ii)- Every prime graph with at least 3 ver¬ 
tices has an induced path of lengtl^ 3 . 

What can we say for large prime graphs? Before stating our main 
theorem, we list some basic graph classes. For a set X of vertices, we 
say that X is a cligue if every pair of distinct vertices in X is adjacent 
and we say X is independent if every pair of vertices in X is non- 
adjacent. A graph is a split graph if its vertex set can be partitioned 
into a clique and an independent set. 

• The half-graph of height n is a bipartite graph on 2 n vertices 
Oi, 02, ..., ttn, bi, 62, ■ ■ ■, bn such that Oj is adjacent to bj if and 
only a i > j. 

• The half split graph H'n of height n is the graph obtained from 
Hn by making {61, 62, • • •, bn} a clique. Let Hf j be the graph ob¬ 
tained from H!^ by adding a new vertex adjacent to Oi, 02,..., a„. 
Let Hf be the graph obtained from Hf by adding a new vertex 
adjacent to a^. 

• The thin spider with n legs is a split graph on 2 n vertices 

consisting of an independent set {oi, 02,..., a„,} and a clique 
{bi, 62, • • •, bn} such that Oi is adjacent to bj if and only if i = j. 
Thus, the thin spider with n legs is isomorphic to the line graph 
of The thick spider with n legs is a split graph on 2 n 

vertices consisting of an independent set {oi, 02,..., an} and a 
clique {61, &2, ■ ■ ■, bn} such that is adjacent to bj if and only 
if i j. So, a thick spider is the complement of a thin spider. 
A spider is a thin spider or a thick spider. 

A sequence VoWi; ■ ■ ■ Wn of distinct vertices of G is called a chain 
from a set J C 1 /(G) to Vn if n > 2 , uoj '^1 ^ -f; 1^25 ... ,Vn 4 - 
for i > 0, Vi-i is either the unique neighbor or the unique non-neighbor 
of Vi in {no, 'Wi, • • •, 'Wi-i}- The length of a chain no, ni,..., n^ is n. For 
example, a sequence of vertices inducing a path of length t is a chain 
of length t. 

Here is our main theorem. 

Theorem 1 . 2 . For every integer n > 3 , there exists N such that every 
prime graph with at least N vertices contains one of the following graphs 
or their complements as an induced subgraph. 

( 1 ) The 1 -subdivision of Ki n (denoted by k[^ 1 ). 

^A length of a path is its number of edges. 
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(a) the (b) ^(-^^ 2 , 5 ) (d) L{K 2 ^^) 

I-subdivision 


of ATi.s 



(e) A thin spider (f) A thick spider (g) H^: a 
with 5 legs with 5 legs half¬ 

graph of 
height 5 



(h) iLs (i) j (j) H*^ (k) H! 

(isomorphic 
to H'^j) 


Figure 1. Typical prime graphs 

(2) The line graph of K 2 ,n- 

(3) The thin spider with n legs. 

(4) The half-graph of height n. 

(5) The graph 

(6) The graph Hf. 

(7) A prime graph indueed by a chain of length n. 

Note that all graphs in (l)-(7) are prime. It is straightforward to 
prove that none of the graphs in the list can be omitted, by showing 
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(a) 5 K 2 (b) H^: the half split 

graph of height 5 


Figure 2. Some non-prime graphs 

that none of the graphs in the list contains a large graph of other types 
or the complement of large graphs in the list. 

2. Chain 

A path is an object to certify connectedness and a chain can be used 
analogously to certify primeness. In the next proposition, we will prove 
that in a graph G, there is a chain from every set of two vertices to 
every other vertex if and only if G is prime. We say that for a set X of 
vertices, a vertex v ^ X is mixed on X if n has both a neighbor and a 
non-neighbor in X. We remark that Zverovich [S] introduced a similar 
notion called a pseudopath. 

Proposition 2.1. Let I C V{G) be a set with at least two vertices, 
and let v he a vertex in V{G) \ I. Then G has a chain from I to v if 
and only if all homogeneous sets containing I as a subset contain v. 

Proof. For the forward direction, let X be a set such that J C X and 

V ^ X. Let vo,vi,... ,Vn = n be a chain. Let i be the minimum positive 
integer such that Vi ^ X. Then i >2 because | J| > 2. Since Vi is mixed 
on {no, ui,..., Vi-i} C X, X cannot be homogeneous. 

For the backward direction, let us construct an auxiliary digraph H 
on {r]}U{V (G) \ I). For a vertex w eV {G) \ /, (r/, w) is an arc of H if 
and only if w is mixed on I. For two distinct vertices x,y E V{G) \ /, 
(x, y) is an arc of H if and only if y is not mixed on I and y is mixed 
on / U {x}. 

Suppose that all homogeneous sets containing / as a subset contain 

V and V cannot be reached from t] hj a. directed path in H. Let Z be 
the set of vertices that can be reached from r; by a directed path in H. 

y E V{G) \ Z, then y is not mixed on /, as (i], y) is not an arc of 
H. Furthermore, for each x E Z \ {t]}, as {x,y) is not an arc of H, y 
is not mixed on / U {x}. Therefore, Z' = {Z\ {r^}) U / is homogeneous 
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Figure 3. Two non-prime graphs induced by chains 

in G, contradicting our assumption that there is no homogeneous set 
containing I but not containing v. 

Thus, H has a shortest directed path P from rj to v with vertices 
r], wi, W 2 , Wn = V in order. Let vo,vi be a neighbor and a non¬ 
neighbor of wi in I, respectively. Such a choice exists because wi is 
mixed on I. It follows easily that the sequence 

Vo,Vi,Wi,W2, ...,Wn 

is a chain from I to v. □ 

Not every chain induces a prime graph. For instance, the graphs in 
Figure [3] are induced by chains but are not prime. In the following, we 
characterize which chains induce prime subgraphs. 

Proposition 2.2. Let t > 3 and C = Vq,Vi, ..., Vt be a chain of length 
t in G. Then G induces a prime subgraph of G if and only if each of vo 
and vi have a neighbor other than Vt-i and a non-neighbor other than 
Vt-i in the chain. 

This proposition implies that if a graph G is induced by a chain and 
is not prime, then G is isomorphic to one of the graphs in Figure [3] and 
their complements. 

Proof. We may assume that V(G) = {uq, Vi,... ,Vt}. Note that we may 
swap vq and vi and still obtain a chain. 

Let us hrst prove the forward direction. Suppose that G is prime. 
By taking the complement and swapping vq and vi if necessary, we may 
assume that vq has no neighbor other than Vt-i. If vq is non-adjacent 
to Vt-i, then {^ 1 ,^ 2 ,... ,Vt} is homogeneous. Therefore vq is adjacent 
to Vt-i. It follows that Vt-i is the unique neighbor of Vt and so {vq, Vt} 
is homogeneous. This contradicts our assumption that G is prime. 

For the backward direction, suppose that each of Vq and Vi have 
a neighbor other than Vt-i and a non-neighbor other than Vt-i and 
furthermore G has a homogeneous set X. By Proposition 12.11 either 
Vq ^ X OT vi ^ X, because otherwise V{G) C X. We may assume that 
Vq ^ X hy swapping vq and vi if necessary. 

We may assume that Vt is non-adjacent to vq by taking the comple¬ 
ment graph if needed. Thus Vt-i is the unique neighbor of Vt. 
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For 0 < i < j < t, the sequence Ui, Uj, Uj+i, Uj+ 2 , • • •, Pt is a chain 
and by Proposition 12.11 if n*, Vj G X, then Uj+i, Vj+ 2 ,..., n* G X. Since 
|X| > 2, Ui G X. 

We claim that for each a G {1, 2, 3,..., f — 2}, if Va ^ X, then 
Va+i ^ X. Suppose not. Then UoWa are non-adjacent to Uj G X and 
so they are non-adjacent to Va+i G X, contradicting the definition of a 
chain. This implies that ui G X because |X| >2. 

If V 2 G X, then V 3 ,V 4 ,... ,Vt G X because Ui G X. Since Vq is 
non-adjacent to Vt, no neighbor of Vq is in X, contradicting our as¬ 
sumption that Vq has a neighbor other than Vt-i. Thus, V 2 ^ X and so 
V2,V3, .. i X. 

So X = {vi^vt}- However, vt-i is the unique neighbor of Vt and vi 
has a neighbor other than Vt-i and therefore X is not homogeneous. □ 

Corollary 2.3. Let t > 3. Every chain of length t contains a chain of 
length t — 1 inducing a prime subgraph. 

Proof. Let Vo,Vi, ... ,Vt be a chain and let G be the graph induced on 
{uo, Vi, ... ,Vt}. By taking the complement and swapping vq and Ui, we 
may assume that Vt is complete to {no,PiW 2 } and vq is adjacent to V 2 . 
Now consider the chain vi,V 2 , ■ ■ ■ ,Vt. We know that vi and V 2 are non- 
adjacent and Vt is complete to {ui,^ 2 } which implies that vi,V 2 , ■ ■ ■ ,Vt 
is a chain inducing a prime subgraph by Proposition 12.21 □ 

3. Prime graphs containing a large independent set 

If a prime graph G is very large, then it will have a large independent 
set or a large clique by Ramsey’s Theorem. If it has a large clique, 
then we may take the complement graph and assume that G has a 
large independent set, because the complement of G is also prime. 
In this section, we apply Ramsey’s Theorem to extract some induced 
subgraphs that are not necessarily prime. Later sections will be devoted 
to growing these subgraphs into prime subgraphs. 

Proposition 3.1. For all integers n,ni,n 2 > there exists N = 
/(n,ni,n 2 ) such that every prime graph with an N-vertex independent 
set contains an induced subgraph isomorphic to 

(1) a spider with n legs, 

(2) L{K2,n), 

(3) the half-graph of height n, 

(4) the disjoint union of ni copies of K 2 , denoted by niK 2 , or 

(5) the half split graph of height n 2 . 

Proof. We say that {A, X, Y) is a regular triple if A, X, Y are disjoint 
subsets of vertices such that H U X is independent, |X| = |X|, and X 
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and Y can be ordered X = {xi,X 2 , ..., Xn}, Y = {yi, 1/2, , Hn} such 
that for all i, the vertex yi is either 

(1) adjacent to Xi and anti-complete to {xj+i, Xi+ 2 , • • •, Xn} U A, or 

(2) non-adjacent to Xi and complete to {xj+i, Xi+ 2 : • • •, Xn} U A. 

(We allow yi to be adjacent to Xj if j < i.) 

We claim that if {A, X, Y) is a regular triple of a prime graph G with 
1 < \A\ < |y(G)|, then there is a regular triple {A',X',Y') such that 
A' C A, \A'\ > \A\/2 and \X'\ = \Y'\ = |X| -|-1 = |F| -|-1. Since A is not 
homogeneous, there is a vertex y such that y has both a neighbor and 
a non-neighbor in A. Since A U X is independent, y does not belong 
to X. Since each y^ is complete or anti-complete to A, y is not in Y . 
Let Ay be the set of all neighbors of y in A. If \Ay\ > |A|/2, then 
{Ay, X U {x}, Y U {y}) is a regular triple for a non-neighbor a; of y in 
A. If \Ay\ < |A|/2, then {A \ Ay,X U {x},Y U {i/}) is a regular triple 
for a neighbor a; of y in A. This proves the claim. 

Now let us use the above claim to prove this proposition. Let m be 
the Ramsey number R{ni + n,2n — l,n + n 2 ,n + n 2 — 1) and N = 
2m+i_ Ramsey number R{ni,n 2 , ■ ■ ■ ,nk) is the minimum c such 

that for every /c-edge-coloring of the complete graph Kc, there is i G 
{1,2,... ,k} such that it contains a complete subgraph on vertices 
in which all edges are colored by L) 

Let S be an independent set of size X. Then {S, 0, 0) is a regular 
triple. By the claim, there exists a regular triple {A, Xq, To) with |Xo| = 
iTol = m. Let Xq = {xi,X 2 ,... ,Xm} and Yq = {yi,y 2 ,... ,ym} be 
ordered according to the dehnition of a regular triple. 

Let Km be the complete graph on the vertex set {1,2,..., m}. Let 
us color the edges of K^. as follows: The color of an edge ij {i < j) of 
Km is dehned as (a, h) G {0,1}^ such that 

a = 1 if and only if Xi is adjacent to yj, 

6 = 1 if and only if yi is adjacent to yj. 

By Ramsey’s Theorem, there exists a subset / of {l,2,...,m} such 
that all edges in Km[I] have the same color {a,h) and 

'ni + n if (a, h) = (0, 0), 

|j| ^ ^ 2n - 1 if (a, 6) = (1,0), 

n + n 2 if (a, b) = (0,1), 

^n + n2-l if (a, 6) = (1,1). 
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Let US define the following sets. 

Ii = {i E I : Xi is adjacent to yi}, 

Zi = {xi'.iE h} U{yi:iE h}, 

Z 2 = {xi-.iE /2}U {i/i : i E h}, 

Z 3 = {xi : i E h, i > j for some j E I 2 } 

U {yi : i E I 2 , i < j for some j E h}- 

If (a, 6) = (0,0) and |/i| > rii, then G[Zi\ has an induced subgraph 
isomorphic to 111 X 2 - If (a, &) = (0,0) and I/ 2 I >11 + 1, then G[Z^] has 
an induced subgraph isomorphic to a half-graph of height n. 

If (a, 6) = (1,0) and |Ji| > n, then G[2’i] has an induced subgraph 
isomorphic to a half-graph of height n. If (a, 6) = (1,0) and I/ 2 I > n, 
then G[Z 2 \ has an induced subgraph isomorphic to L{K 2 ^n)- 

If (a, 6) = (0,1) and |/i| > n, then G[Z]\ has an induced subgraph 
isomorphic to a thin spider with n legs. If (a, 6) = (0,1) and I/ 2 I > 
n 2 -|- 1, then G[Z^ has an induced subgraph isomorphic to a half split 
graph of height n 2 - 

If (a, 6) = (1,1) and |/i| > n 2 , then G[Z]\ has an induced subgraph 
isomorphic to a half split graph of height ^ 2 . If (a, &) = (1,1) and 
IJ 2 I > n, then G[Z 2 \ has an induced subgraph isomorphic to a thick 
spider with n legs. □ 


4. Making use oe a big induced matching 


Outcome (4) of Proposition 13.11 states that the graph contains a large 
induced matching. By Corollary 12.31 we only need to consider graphs 
that contain no long chain. In the next proposition, we deal with the 
case when a prime graph has a large induced matching and no long 
chain. 


Proposition 4.1. Let t > 2 and n, n' he positive integers. Let h{n, n', 2) 
n and 


h{n, n', i) = {n — l)R{n, n, n, n, n, n, n, n', n', h{n, n', i — 1)) -|- 1 


for an integer i > 2. Let v he a vertex of a graph G and let M he an 
induced matching of G consisting of h{n,n',t) edges not incident with 
V. If for each edge e = xy in M, there is a chain of length at most t 
from {x, y} to v, then G has an induced subgraph isomorphic to one of 
the following: 


(V XI. 

(2) the half-graph of height n, 
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(3) L{K2,n), 

(4) a spider with n legs, or 

(5) the half split graph of height n'. 

Proof. We proceed by induction on t. lit = 2, then trivially V (M)U{n} 
induces a subgraph of G isomorphic to k[^1. So we may assume that 
t>2. 

We will hud an induced matching M' consisting of h{n,n',t — 1) 
edges not incident with v such that G has a chain of length at most 
t — 1 from each edge in M' to v. For an edge e in M, let Ge be a chain 
of length at most t from e to v. 

If there are n chains of length 2 in {Ge '■ e G M}, then we obtain 
an induced subgraph isomorphic to K^l^. Thus, we may assume that 
there exists a subset Mi of M such that the length of Ge is larger than 
2 for all e G Mi and |Mi| > \M\ — n + 1. We say that a vertex w is 
mixed on an edge e if tc is not an end of e and w is adjacent to exactly 
one end of e. Note that the hrst and second vertices of Ge are the ends 
of e and the third vertex of Ge is mixed on e. 

If a vertex w is the third vertex of at least n chains in {Ge '■ e G 
Ml}, then the vertex w with those n edges in Mi induces a subgraph 
isomorphic to K^l^. Thus we may choose a subset M 2 of Mi such that 
IM 2 I > r^^lMil] and the third vertices of chains in {Ge '■ e G M 2 } are 
distinct. Since M 2 is an induced matching, no third vertex of Ge is an 
end of some edge in M 2 . 

Let m = IM 2 I. Let ci, 62 ,..., be the edges in M 2 . For each edge 
Cj, let Zi be the third vertex in Ge^ mixed on e*. Let Xi,yi be the ends 
of Cj such that Pi is adjacent to Zi. 

Let us construct an edge-coloring of on the vertex set {1, 2,..., m) 
as follows. For 1 < i < j < m, we color the edge ij of Km by one of the 
10 colors (a, b, c) G {0,1}^ U {(2, 2, 2), (3, 3, 3)} depending on the adja¬ 
cencies of the pairs {zi,Zj), {zi,yj), {yi,Zj). We set {a,b,c) = (2,2,2) 
if Zi is mixed on ej, and (a, b, c) = (3, 3, 3) if Zi is not mixed on ej and 
Zj is mixed on e*. If Zi is not mixed on ej and zj is not mixed on e*, 
then we assign colors {a,b,c) G {0,1}^ as follows; we set a = 1 if Zi, 
Zj are adjacent, b = 1 ii Zi and yj are adjacent, and c = 1 if y*, Zj are 
adjacent. 

We apply Ramsey’s theorem to Km and obtain a subset I oiV{Km) 
such that all edges in Km[I] have the same color (a, b, c) and 

{h(n, n', t — 1) if (a, b, c) = (0, 0, 0), 
n' if (a, 6, c) G {(1,1,0), (1,0,1)}, 

n otherwise. 
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Let Gi be the subgraph of G induced on Xi, Zi for all i G /. Let G 2 
be the subgraph of G induced on yi, Zi for all z e /. 

If (a, h, c) = ( 2 , 2 , 2 ) or (3, 3, 3), then the subgraph of G induced on 
Xi, yi for alH G / and one vertex Zj for the maximum or minimum j in 
/ is isomorphic to 

If (a, b, c) = (1, 0, 0), then G 2 is a thin spider with n legs. If (a, h, c) = 
(1,1,1), then Gi is a thick spider with n legs. If (a, b, c) = (1,1, 0) or 
(1, 0,1), then G 2 is a half split graph of height n'. If (a, b, c) = (0,1, 0) 
or (0, 0,1), then G 2 is a half-graph of height n. If (a, b, c) = (0,1,1), 
then Gi is isomorphic to L(iL 2 ,n)- 

If {a,b,c) = (0,0,0), then let M' = {yiZi : z G /}. Clearly M' is an 
induced matching of size h{n,n',t — 1 ) and \ {xj} is a chain of 
length at most t — 1 from {z/j, Zi} to v for each e G M'. Since G^ has at 
least 4 vertices for each e G Mi, no edge of M' is incident with v. We 
deduce the conclusion by applying the induction hypothesis to M'. □ 

5. Prime graphs containing a large hale split graph 

Since the graphs in outcomes (l)-(3) of Proposition 13.11 are prime 
and we have just dealt with outcome (4), it remains to handle outcome 
(5), the situation when a prime graph contains a large half split graph 
as an induced subgraph. We do that in this section. 

Proposition 5.1. For every positive integer n, there exists N = g{n) 
such that every prime graph having a half split graph of height at least N 
as an induced subgraph contains a chain of length n -|- 1 or an induced 
subgraph isomorphic to one of H'^j, Hf, and Hf. 

Proof. Let N = 4 ”“^{n + l) + 2{n — 2) + l. Let G be a graph having Hn 
as an induced subgraph. Let ai, 02 ,..., oat, 61 , 62 , • • •, &a be the vertices 
of a half split subgraph such that {oi, 02 ,..., oat} is independent 
and {bi,b 2 , ■ ■ ■ ybjsf} is a clique and a* is adjacent to bj if and only if 

i > j- 

Suppose that G has no chain of length n-|-l and no induced subgraph 
isomorphic to Hf, or H*. Let zzq, zzi, zz 2 , • • •, be a shortest chain 
from {oat, b^} to Oi or bi where Uq = and zzi = bjsf. 

Let iVi = N — 2{n — 2) = -|- 1) -|- 1. Since t < n, there exists 

1 = zi < *2 < *3 < • • • < = -^ such that neither oq. nor bi. is in 

{u 2 , ZZ 3 ,..., Ut-i} for all j G {1, 2,..., iVi}- The subgraph of G induced 
on {oii, 0 * 2 ,..., Oi ^^, 6 * 1 , 6 * 2 , • • •, biN^} is isomorphic to 

Let N 2 = = n + 2. By the pigeonhole principle, there is 

a subsequence pi = 1 < p 2 < Ps < • • • < PN 2 = N of Zi, Z 2 ,..., zatj such 
that none of U 2 , zzs, ZZ 4 , ..., Ut-i is mixed on A = {op^, 0^3,..., 
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or mixed on i? = {hp^^hp^,... Note that |A| = \B\ = n. 

Again, the subgraph of G induced on {oi, oat, hi,h]^}UAUB is isomor¬ 
phic to . 

By the construction, both uq and Ui are anti-complete to A and 
complete to B. Let i be the minimum such that Uj is complete to A or 
anti-complete to B. Then such i exists because Ut G {ai,6i} is either 
complete to A or anti-complete to B. 

If Ui is complete to A and anti-complete to B, then the subgraph of 
G induced on A U i? U {ui} is isomorphic to H'^ j. 

If Ui is complete to A U S, then let p G {wj-i, Mi- 2 } be a vertex non- 
adjacent to w,. By the hypothesis, p is complete to B and anti-complete 
to A. It follows that the subgraph of G induced on 

(AuBU{p,Mi}) \{&p2 } 

is isomorphic to iL*. 

If Mi is anti-complete to A U 5, then let q G {Mi_i, Mi_ 2 } be a vertex 
adjacent to Mi. By the hypothesis, q is complete to B and anti-complete 
to A and therefore the subgraph of G induced on 

(AUSU{g,Mi})\{ap^^_J 

is isomorphic to H*. □ 

6. Proof of the main theorem 

Now we are ready to put all these things together to prove Theo¬ 
rem [T21 

Proof of Theorem li. A We may assume that G has no chain of length 
n -I- 1 by Corollary 12.31 Let /, g, h be functions given by Proposi¬ 
tions EUl 15.11 and 14.11 Let m = f{n,h{n,g{n),n),g{n)) and N = 
R{m, m). 

Let G be a prime graph with at least N vertices. By Ramsey’s 
Theorem, G has an independent set or a clique of size m. Since G is 
also prime, we may assume that G has an independent set of size m. 

We may assume that G has no half split graph of height g{n) by 
Proposition 15.11 

By Proposition 13.11 one of the following holds: 

(i) G has an induced subgraph isomorphic to a spider with n legs. 

(ii) G has an induced subgraph isomorphic to L(iL 2 ,n)- 

(iii) G has an induced subgraph isomorphic to the half-graph of height n. 

(iv) G has an induced matching of size h{n, g{n),n). 
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If (i), (ii), or (iii) holds, then we are done. 

If (iv) holds, then let M be an induced matching of size h{n, g{n),n) 
and let f be a vertex incident with no edge in M. For each edge 
e = xy of M, there is a chain from {x,y} to v because G is prime by 
Proposition 12.II Since we assumed that there is no chain of length n+1, 
such chains have length at most n. By Proposition 14.11 G contains an 
induced subgraph isomorphic to either a half-graph of height n, 
L{K 2 ^n), or a spider with n legs. This completes the proof. □ 
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